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Abstract

In this paper, a new theorem concerning the degree of approximation of the
conjugate of a function belonging to Lip(& (t),r) class by (N, pp)(E,q) summability of its
conjugate series of a Fourier series has been proved. Here the product of Euler (£, )
summability method and Noérlund (N, p,) method has been taken.
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1 Introduction
Khan [1, 2] has studied the degree of approximation of a function belonging to Lip(«, r)-
class by Norlund means. Generalizing the results of Khan [1, 2], many interesting results
have been proved by various investigators like Mittal et al. [3-5], Mittal, Rhoades and
Mishra [6], Mittal and Singh [7], Rhoades et al. [8], Mishra et al. [9, 10] and Mishra and
Mishra [11] for functions of various classes Lip«, Lip(w,r), Lip(£(¢),r) and W(L,,&(¢)),
(r > 1) by using various summability methods. But till now, nothing seems to have been
done so far to obtain the degree of approximation of conjugate of a function using
(N, pu)(E, q) product summability method of its conjugate series of Fourier series. In this
paper, we obtain a new theorem on the degree of approximation of a function f, con-
jugate to a periodic function f € Lip(§(¢),r)-class, by (N, p,)(E,q) product summability
means.

Let ) 7 u, be a given infinite series with the sequence of its nth partial sums {s,}. Let

{p»} be a non-negative generating sequence of constants, real or complex, and let us write

n
Pn=Zpk7!0 Vn >0, p-1=0=P,; and P,— 00 asm— 00.
k=0

The conditions for regularity of Norlund summability are easily seen to be

1) limy,— e ‘;—Z — 0 and

00
(2) 2820 Pkl = O(Py), as n — oo.
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The sequence-to-sequence transformation

ty = Pi an—ksk (11)

" k=0

defines the sequence {#)'} of Nérlund means of the sequence {s,}, generated by the se-
quence of coefficients {p,}. The series >, u, is said to be summable (N, p,) to the sum s
if lim,,_. o £ exists and is equal to s.

The (E, q) transform is defined as the nth partial sum of (E,q) summability, and we de-
note it by Ef. If

n

1 n n—-k
Ezzw];;(k)q Sk—> S asmn— oo, 1.2)

then the infinite series Z:io u, is said to be summable (E,q) to the sum s Hardy [12].
The (N, p,) transform of the (E, q) transform defines (N, p,)(E, q) product transform and
denotes it by £\E. This is if

n k
1 Pn-k k -
NE = — k=vg. 1.3
p Pﬂg(“q)k; )d s (13)

If £NF — s as n — oo, then the infinite series ) .- u, is said to be summable (N, p,,)(E,q)
to the sum s.

n

k
si—>s = (Eq)sn)=El=Q1+q)”" Z (;)ansk -5,
k=0

as n — 00, (E,q) method is regular,
= ((N,p,,)(E, q)(s,,)) = tyE — s, asn— 0o, (N,p,) method is regular,

= (N,pu)(E,q) method is regular.
A function f(x) € Lip« if
flx+18)—f(x) =O(‘t°‘|) forO<a<1,t>0

and f(x) € Lip(e, r), for 0 <x <27 if
2 1/r
( [f(x+t)—f(x)|rdx> :O(|t|"‘), O<a<l,r>1,t>0.
0

Given a positive increasing function &(t), f (x) € Lip(§(¢),r), [2] if

2 1/r
o (Lf) = ( [f(x+t) —f(x)’rdx> =O(§(t)), r>1,t>0, (1.4)
0
we observe that

Lip(é(t),r) @, Lip(a,r) —> Lipa  forO<a <1,r>1,¢>0.
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L,-norm of a function f : R — R is defined by

2 1/r
Ilf||r=< ; Lf(x)lrdx) , r>1 (1.5)

Lo,-norm of a function f : R — R is defined by ||f ||« = sup{|f(x)| : x € R}.
A signal (function) f is approximated by trigonometric polynomials £, of order n and
the degree of approximation E,(f) is given by Zygmund [13]

E, (f) = my}n”f(x) —ty (f; x) ||r (1.6)

in terms of n, where t,(f;x) is a trigonometric polynomial of degree n. This method of
approximation is called Trigonometric Fourier Approximation (TFA) [6].

The degree of approximation of a function f : R — R by a trigonometric polynomial £,
of order n under sup norm || ||« is defined by

s = flloo = sup{|£.(x) —f (%) : x € R}.

Let f (x) be a 27 -periodic function and Lebesgue integrable. The Fourier series of f (x) is
given by

flx)~— 0, Z(an cosnx + by, sinnx) = ZA (x) 1.7)

n=0

with nth partial sum s,(f; x).

The conjugate series of Fourier series (1.7) is given by

(a, sinnx — b, cosnx) = B, (x). (1.8)
)3 Z

n=1 =

Particular cases:

(1) (N,pu)(E,q) means reduces to (N, n+1)(E q) means if p,, = n+1

(2) (N,pu)(E, q) means reduces to (N, n+1)(E’ 1) meansif p, = m and g, =1 Vn.

(3) (N,pu)(E, q) means reduces to (N, p,,)(E,1) means if g, =1 Vn.

(4) (N,pn)(E,q) means reduces to (C,8)(E,q) means if p, = ('”‘3 1) §>0.

(5) (N,pu)(E,q) means reduces to (C,8)(E,1) means if p, = (”J"S 1) §>0andg, =1Vn.
(6) (N,pn)(E,q) means reduces to (C,1)(E,1) means if p, =1and g, =1 Vn.

We use the following notations throughout this paper:

v()=fx+t)-fx—1t),
~ 1 "\ Pk ,cos(v+1/2)t
Gnl) = 27 P, [ 1+ q)k Z(( ) sint/2 >:|

2 Main result

The approximation of a function f, conjugate to a periodic function f € Lip(§(¢), r) using

product (N, p,)(E, q) summability, has not been studied so far. Therefore, the purpose of
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the present paper is to establish a quite new theorem on the degree of approximation of
a function f(x), conjugate to a 27 -periodic function f belonging to Lip(¢(¢), )-class, by
(N, pn)(E, q) means of conjugate series of Fourier series. In fact, we prove the following

theorem.

Theorem 2.1 Iff(x) is conjugate to a 27 -periodic function f belonging to Lip(& (t), r)-class,
then its degree of approximation by (N, p,)(E, q) product summability means of conjugate
series of Fourier series is given by

|2* —JN”||,=0{("+1)”’$<L>} @.1)

n+1

provided &(t) satisfies the following conditions:

/n+ r 1/r
( /0 1<t|g’(g)|> dt) =0((n+1)™) (2.2)

and

T (@) 5
(/,r/ml( £(0) )‘”) =0+ 1), (2.3)

where § is an arbitrary number such that s1-8)—1>0,r Y +s71 =1,1 <r < oo, conditions
(2.2) and (2.3) hold uniformly in x and £ is (N, p,)(E, q) means of the series (1.8), and the
conjugate function f (x) is defined for almost every x by

Flx) = -% /0 i Y (e)cot(t/2) e = lim (-i fh i W (£) cot(t/2) dt). (2.4)

Note 2.2 S(er) —né(nﬂ) for (n+1) — (n+1

Note 2.3 The product transform plays an important role in signal theory as a double
digital filter [7] and the theory of machines in mechanical engineering.

3 Lemmas
For the proof of our theorem, the following lemmas are required.

Lemma 3.1 |G, (t)| = O[1/t] for 0 <t <7 /(n +1).

Proof For 0 <t <m/(n+1),sin(¢t/2) > (¢/m) and |cosnt| <1,

X":|: Pk (k) oy COS(V +1/2)¢ i|
k

P 1+ q) sint/2

n k

1 Pk , lcos(v+1/2)t|

SZJTP Z|:(1+qk;:<u> | sint/2]

1 n Pk k K k
n— § k—v 2
= 2tP, |:(1 +q)k — <v) :|’ since

1G] = 27P,
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_ 1 - Pn—k k
= 2p, Z[(uq)k(“q) ]

k=0

1 n
—k
tPy 0 b :|

k=

N

n
O[1/t], since Zp,,_k =P,.
k=0

This completes the proof of Lemma 3.1. d
Lemma 3.2 |G,(t)| = O[l/t] forO<m/(n+1) <t <7 and any n.

Proof For 0 <m/(n+1) <t <wm,sin(t/2) > (t/7),

|Gn(t)i =

Pk kv COS(V +1/2)t
27 P, Z|:(1 +q)* - Z ( ) sin¢/2
< 1 [ Pn-k Xk: Real part of k qk—uei(v+1/2)t
~ 2tP, (1+g)k v

v=0

1 - Pn-k
Real t of k—v lvt it/2
i 2| e {30 st (£ [

n [ k 7]
1 Pn-k k—

— R l t f v lvt
2, | 2| s g | 2 ReCIPEO < >q

v=0

IA

T
(=]
L

T
o

1 Pn-k k k— t
= Real part of Vel
2tP, (1+qg) ; el parto <v>q

n k
L Z|:(1p:; iz Real part of (l‘j)qk ”e"’t}jH (3.1)

+
2tP, P

Now, considering the first term of equation (3.1),

-1 k
1 Pn-k k k—v ivt
Real part of Ve
2P, ;[(uq)k{; caparto (v)q
-1 k
1 Pn—k k k—v ivt
<5 | e | 2 ()
-1 k
1 Pn-k k k—v
s 5 (200
1 -1
= 5, ]an_k (3.2)
k=0
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Now, considering the second term of equation (3.1) and using Abel’s lemma

n k
Pn-k k) k—v ivt
Real part of e
Z ( >qk—vezvt
v

1
2tP,

Pn-k
- 2tP Z (1+g)k O<m<k

i sms
— 1 . Pn-k i <k>qk—v
2P, 1+ g)k o=m=k ~\v
1 4 Pn-k L k k—v 1 “
=, ,Z 1+ & (v)q " 2P, ;” f 33

On combining (3.1), (3.2) and (3.3), we have

’ _2tP ank 2tp an ks

|G.(8)| = O[1/¢].
This completes the proof of Lemma 3.2. d

4 Proof of theorem
Let 5,(x) denote the partial sum of series (1.8), we have

5 () f() 1 /’T tcos(n+1/2)tdt

27 sint/2

Therefore, using (1.2), the (E, q) transform E of 3, is given by

I 7 _ 1 o lﬁ(t) . n\ .k
El(x) —f(x) = @ qF Jo sner2 {; (k>q cos(k + 1/2)t} dt

Now, denoting (N ,;,\)(/E, q) transform of 5,, as £, we write

o 1 G pok [T 00 [ 4
tff (%) —f(x) = 2D, Z|:(1+q)k ; sint/2{§<v>q cos(v+1/2)t}dt:|
. /0 YOG (0)de

7/(n+1) T B
= G,(t)d
|:/0 * /ﬂ/(n+1):|w(t) (t) ‘

=L+ (say). (4.1)
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We consider

7 /(n+1) -
Ll < /0 v (8)]|Ga(8)| de.

Using Holder’s inequality, equation (2.2) and Lemma (3.1), we get

D) £ty ()] 1D E ()| Gu()]
o =[ [ () o] o [ () o]
7 /(n+1) ~ s 1/s
:O(L>[hm/ (é(t)lGn(t)I) dt]
n+1l/[r—o0 ], t
1 ) 7/(n+1) «f(t)
()l [ ) 4]

Since £(t) is a positive increasing function, using the second mean value theorem for

integrals,
1 T ml(n+l) £ 1\ S 1/s
I = S —_— li dt
ol G ilm (3) 4]
1 1 7/(n+1) s
=0 <_>ng( )”nm / tzsdti| ,  inview of note (2.2)
n+1 n+1 h—0 J,
1 1 —2s+1 Y m/(n+l)q1/s
=0 £ d , h—>0
n+l n+l -2s+1},
[/ 1 1
_ 121/s
O_<n+1)$<n+1)(n+ ) :|
[ 1 1-1/s
:O E _— (}’l+1)
| \n+1
[ 1 Ur -1, -1
=0|¢ 1 (n+1) ro+s =L1<r=<o0. (4.2)
| \n+

Now, we consider

|12|§/ [ (0)]|Ga(t)| dt.

7 /(n+1)

Using Holder’s inequality, equation (3.2) and Lemma 3.2, we have

i “Slllf(t)l) ] [ i (E(t)IG (t)I> ]
< d —— ] d
|12| B |:~/JT/(n+1)( S( ) g \//(n+1) t? g
/ <$(t |G (t)l) dt}
/(n+1)
- Of(n+ 1)) / 1)(”) dt]

= O{(n+1) }

= O{(n+1)‘3}
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Now, putting ¢ = 1/y,

(n+1)/m %-(1/ ) sd 1/s
Iz:O{(I’l+1)8}|;/ ( 8—‘31 ) —g}i| .
1/ Yy y
Since &(t) is a positive increasing function, so % is also a positive increasing function

and using the second mean value theorem for integrals, we have

(n+1)/m dy 1/s
i 5]

IL,=0
2 ( w/n+1

- 1)53;‘(71/14+1)

1
=0 (1f1+1)‘3*1§(n+1
1

n+1

=0{(n+1)°*& (L

n+1

=0{(n+ 1)5+1.§(

+1

Combining ; and I, yields

)
)
)

y_gs_2+1 (n+1)/m y 1/s
-8s=2+11,
_§s—17(n+1)/m1/s

{Ea i

(I’l + 1)—8—1/s

=0 %‘(L)(W + 1)5+1—8—1/s}
n+l

1
=0 5(—)(n+1)1/r} crliest=11<r<o0.
n

|ENE —f| = O{(n + 1)“’5(%) }

Now, using the L,-norm of a function, we get

ZNE_" _ 2ﬂ'i_NE_~r 1/r
|2 =11, | ~f| dx
0
2 r 1/r
o (ens(s))

. 1 2T 1/r
-ofee s () ([ ) |
= O((n + l)l/ré(L))

n+l

This completes the proof of Theorem 2.1.

5 Applications

(4.4)

The study of the theory of trigonometric approximation is of great mathematical interest

and of great practical importance. The following corollaries can be derived from our main

Theorem 2.1.

Corollary 5.1 If£(t) = t*, 0 <« < 1, then the class Lip(§(¢),r), r > 1 reduces to the class
Lip(a,7), 1/r < @ < 1 and the degree of approximation of a function f(x), conjugate to a

Page 8 of 10
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27 -periodic function f belonging to the class Lip(w, r), by (N, p,)(E, q)-means is given by

2 -1 =O((n+1—1)a—1/r)' (5.1)
Proof We have
U
|2 =71, = { B (%) — f )| dx} =O((n+ DYE(1/(n +1))
= O((n +1)"*1r).
Thus, we get

_ 21 » 1/r
0 —f| < {/ |ENE (x) —f(x)|’dx} =O((n+1)™ ), r>1.
0

=

This completes the proof of Corollary 5.1. O

Corollary 5.2 If&(t) =t* for 0 < a <1l and r = 0o in Corollary 5.1, then f € Lipa and

e 3 1
[ —f’—O((n+1)a)- (5.2)

Proof For r — oo, we get
[ 7l = sup |75 7] = {0+ 1)
<x<2m
Thus, we get

B -F < 8" -7
= sup |[BEx) -f@)

0<x=<2m

- O((n+1)).
This completes the proof of Corollary 5.2. d

Corollary 5.3 If&(t) =t%, 0 <« <1, then the class Lip(&(t),7), r > 1, reduces to the class
Lip(e,r), 1/r <« <1 and if q = 1, then (E,q) summability reduces to (E,1) summability
and the degree of approximation of a function f(x), conjugate to a 21 -periodic function f
belonging to the class Lip(a,r), by (N, p,)(E,1)-means is given by

671, -0y ) 53)

(n+1)a 1/r

Corollary 5.4 If£(t) =t* for 0 <o <1 and r = oo in Corollary 5.3, then f € Lipa and

2 710G ) 54

(n+1)


http://www.journalofinequalitiesandapplications.com/content/2012/1/296

Mishra et al. Journal of Inequalities and Applications 2012, 2012:296 Page 10 of 10
http://www.journalofinequalitiesandapplications.com/content/2012/1/296

Remark An independent proof of above Corollary 5.3 can be obtained along the same

line of our main theorem.
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