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Abstract

In this paper we consider the problem of prescribing the mean curvature on the
boundary of the unit ball of R”, n > 4. Under the assumption that the prescribed
function is flat near its critical point, we give precise estimates on the losses of the
compactness, and we provide a new existence result of Bahri-Coron type. Moreover,
we establish, under generic boundary condition, a Morse inequality at infinity, which
gives a lower bound on the number of solutions to the above problem.
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1 Introduction
In this paper we consider a nonlinear elliptic equation involving the Sobolev trace critical
exponent associated to conformal deformations of Riemannian metrics on manifolds with
boundary. We are interested in the case in which a non-compact group of conformal trans-
formations acts on the equation giving rise to Kazdan-Warner type obstructions, just as in
the celebrated scalar curvature problem (see [1]). The simplest situation is the following.
Let B" be the unit ball in R”, n > 3, with the Euclidean metric gy. Its boundary is denoted
by $”~! and it is endowed with the standard metric still denoted by go. Let H : S"! — R
be a given function. We study the problem of finding a conformal metric g = uiz go such
that R, = 0 in B” and /i, = H on §""!. Here R, is the scalar curvature of the metric g in B”
and , is the mean curvature of g on §"*.
This problem has the following analytical formulation: find a smooth positive function

which solves the following nonlinear boundary value equation:

Au=0 1inB",

P 2 2 n 1 (L1)
u n— _ n= S n—

So+ S u = S=Hun? on §" 7,

where v is the outward unit vector with respect to the metric g.
In general, there are several difficulties in facing this problem by means of variational

methods. Indeed, by virtue of non-compactness of the embedding H(B”) — L =y (0B™),

the Euler-Lagrange functional J associated to (1.1) does not satisfy the Palais-Smale con-
dition, and that leads to the failure of the standard critical point theory. Moreover, be-
sides the obvious necessary condition that H must be positive somewhere, there is, as
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we have already mentioned, another obstruction to solving the problem, the so-called
Kazdan-Warner obstruction. There have been many papers on the problem and related
ones, please see [2-16] and the references therein.

One group of existence results has been obtained under hypotheses involving the Lapla-
cian AH at the critical points y of H; see [17, 18] for n = 3, and [19-21] for n > 4. For
example, in [17] and [18], it is assumed that H is a Morse function and

AH(y) #0 whenever VH(y) =0.

Then, if ind(H, y) denotes the Morse index of H at the critical point y, problem (1.1) has a
solution provided

Z (_l)ind(H,y) 7! 1.

AH(y)<0

The result has been extended to any dimension # > 3 in [19]. Roughly, it is assumed that
there exists 8, n — 2 < B < n — 1, such that in some geodesic normal coordinate system
centered at y, we have

n-1

Hx)=H(0)+ Y bi|(x)|" + R@), G

i=1

where b; = b;(y) e R\ {0}, Vi=1,...,n-1, Zl";ll b; #0 and Zﬁ) |VER(x)||x*# = 0(1) as x
tends to zero. Here V* denotes all possible derivatives of order s and [8] is an integer part
of B. Let

i=1

n-1
K={yes" ,VH(y) =0}, K'= {yelC,Zb,-<0}

and i(y) = #{b;,i =1,...,n — 1, such that b; < 0}. Then (1.1) has a solution provided

3 (1 1.2)

yelCt

see [22].

Let us observe that a condition like (1.2) appeared first in [23] concerning the scalar
curvature problem; see also [24].

In this work we restrict our attention to problem (1.1) under condition that H is a
C?-function satisfying (f)s condition with 7 —2 < B < n — 1. This leads to an interesting
new phenomenon, that is, the presence of multiple blow-up points. In fact, when looking
to the possible formations of blow-up points, it comes out that the strong interaction of
the bubbles in the case where n — 2 < 8 < n —1 forces all blow-up points to be single, while
in the case where 8 = n — 2, we have a balance phenomenon, that is, any interaction of
two bubbles is of the same order with respect to the self-interaction. We denote by E the
operator which associates to H the solution v of (1.1), and we extend the definition of E
to the case of weak solutions of (1.1). Let

Kna={ye K, p=p0)=n-2}.
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For every (yi,...,yi) € K* N K,» such that y;, #y;,, if p # g, we associate the matrix
M = (Mj;) defined by

_D~ Z k(yl .
Mj/ r_%cl%, ]E{l,...,N},
n- Gyipi;)
Myz—z%cl%, Ljell,...,N}LI%j,

[HOHO) T

2(n-1) dx _ 2(n-1) X B
a=c¢"?% / ———— and & =¢"” / % dx
re-1 (1 + |x|2)2 re-1 (1 + |x|2)7

Here G(g, -) denotes Green’s function for the operator E with point g.
Let p = p(¥3,...,¥iy) be the least eigenvalue of M. We assume the following:

(Ao) pWiys--»Yiy) # 0 for distinct points y;,,..., 5, € K¥ NK,2o.

We now introduce the following set:

n— 2 = {(Yllf ,yiN);N >1, s.t. yl‘j ek'n ’Cn—Z

Vi=L..,.N,y; #y; Vi #land p(i, ..., yiy) > 0}.
We then have the following theorem.
Theorem 1.1 Assume that H is a C*-function satisfying (Ao) and (f), with
n-2<fB<n-1
If

Z (_l)n—l—f(y) n Z (_I)N—1+Z;\:]1 n=1+i(y;) 41,

yeKH\K )2 Wiy e L'N)ec,j_2

then (1.1) has at least one solution. Moreover, for generic H, we have

Z (_1),1717;@,) _ Z (_I)N-1+Z}1.Zl n-1+i(yy) ’

yeKN\Kp—2 iy r¥in)EC, o

HS > |1-

where S denotes the set of solutions of (1.1).

Our argument uses a careful analysis of the lack of compactness of the Euler-Lagrange
functional J associated to problem (1.1). Namely we study the noncompact orbits of the
gradient-flow of J, the so-called critical points at infinity following the terminology of
Bahri [25]. These critical points at infinity can be treated as usual critical points once a
Morse lemma at infinity is performed, from which we can derive, just as in the classical
Morse theory, the difference of topology induced by these noncompact orbits and com-
pute their Morse index. Such a Morse lemma at infinity is obtained through the construc-
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tion of a suitable pseudo-gradient, for which the Palais-Smale condition is satisfied along
the decreasing flow lines as long as these flow lines do not enter the neighborhood of some
specific critical points of H.

A similar Morse lemma at infinity has been established for problem (1.1) under the hy-
pothesis that the function H is of class C? and the order of flatness at critical points of H
isBeln-2,n-1[;see [22].

The rest of this paper is organized as follows. In Section 2, we set up the variational
problem and we recall the expansion of the gradient of the associated Euler-Lagrange
functional near infinity. In Section 3, we construct a suitable pseudo-gradient and we char-

acterize the critical points at infinity. Lastly, in Section 4, we prove our main result.

2 General framework and some known facts
2.1 Variational problem
First, we recall the functional setting and the variational problem and its main features.

Problem (1.1) has a variational structure. The Euler-Lagrange functional is

2-n
2(

e =
J(u) = ( - Hu = dogo) )

defined on H'(B") equipped with the norm

2 2 n-2 2
[z :/WWIA dvg, + 5 /S'Hu dog,,

where dv,, and do, denote the Riemannian measure on B” and S"~! induced by the met-

ric go. We denote by ¥ the unit sphere of H!(B"), and we set

S*={ueT/u>0}.

The exponent 2(,1"_’21) is critical for the Sobolev trace embedding H!(B") — L4(S"!). This
embedding being not compact, the functional / does not satisfy the Palais-Smale condi-
tion.

In order to characterize the sequences failing the Palais-Smale condition, we need to
introduce some notations.

We use the notation x for the variables belonging to the unit ball B” or to the half-
space R” defined by R” := {x € R”,x,, > 0}. We also use the notation x = (x',x,,) for x € R”.
It is convenient to perform some stereographic projection in order to reduce the above
problem to R”. Let D*?(R”) denote the completion of C° (@:’) with respect to the Dirichlet
norm. The stereographic projection 7, through an appropriate point g € S"! induces an

isometry i : H'(B") — D*?(R") according to the following formula:

n-2
) 2 7 2% /|2 + %, — 1
mx)=| ——— u , ,
|2 + (x, + 1) /12 + (0 + 12 '] + (0 + 1)2
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where x’ = (x1,...,%,1). In particular, we can check that the following relations hold true
for every u € H'(B"):

n-—2
/ |Vu|? + / u2=/ |Viu|> and
n 2 gn-1 n
"
(n-1) . 91
/ |u|2 2 :/ liu|> 2 .
sn-1 R

In the sequel, we identify the function H and its composition with the stereographic

projection ;. We also identify a point x of B” and its image by 7,. These facts will be
assumed as understood in the sequel.

For a € 9R} and A > 0, we define the function

n-2
A2

(@ +2x,)2 + 2215 —a']2) T ’

Sanx)=c

where x € RY, and ¢ is chosen such that §,, satisfies the following equation:

Au=0 and u>0 inR7,

du

n
LR —2 n
Gy = U7 on dR".

Set

8ap. = i (8an))- (2.2)

For ¢ > 0, p € N*¥, let us define

uex stiay,...,a,€S"3,...,a,>0,

gy by > e with lu— 30 @bl <o, ej<eVid),
Vip,e) = 1 Lp>8 with |l =D 0 @bl <& &5<eVifj
n-2 R
andlafi—H(a’)—lks Vi,j=1,...,p,
ot/.”’zH(a/-)
where
oA 5"
i J 2
&jj = —+—+)Lf)»»|aA—a'|>
ij ()L]‘ by iNjl&i j

For w, a solution of (1.1), we also define V(p,e,w) as
Vi(p,e,w) = {u € X/ >0s.t. u—aowe V(p,e) and !aol(u)%l - 1| < s}.
If u is a function in V(p, &, w), one can find an optimal representation following the ideas

introduced in Proposition 5.2 of [25] (see also pp.348-350 of [26]). Namely we have the
following proposition.
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Proposition 2.1 For any p € N*, there is €, > 0 such that if e < &, and u € V(p, e, w), then
the minimization problem

p
min Uu-— E Qib(a; ) — oW+ h)|,
a5>0,ki>0,aieS”‘1, i1
heTw(Wy(w))

has a unique solution (o, A, a, h), up to a permutation.

In particular, we can write u as follows:

)4

U= Zaig(%;\i) +oag(w+h) +v,
i=1

where v belongs to H*(B") N T, (W(w)) and it satisfies (Vj), Tw(W,,(w)) and T, (W(w)) are
the tangent spaces at w of the unstable and stable manifolds of w for a decreasing pseudo-
gradient of / and (V) is the following:

() =0 fory e (8, 2,200 i=1,..,p),
(Vo) : (v,w) =0,
(v,h)y=0 forallhe T, W,(w).

Here, §; = g(apki) and (-, -) denotes the scalar product defined on H'(B") by

n-2
(u,v) :/ VuVvdyg, + —/ uvdoy,.
B” 2 gn-1

Notice that Proposition 2.1 is also true if we take w = 0, and therefore, # = 0 and u in
V(p,e).

The failure of the Palais-Smale condition can be characterized taking into account the
uniqueness result of Li and Zhu [27]. Following the ideas introduced in [20], we have the
following proposition.

Proposition 2.2 Let (uy) be a sequence in X+ such that J(uy) is bounded and 3] (uy) goes
to zero. Then there exist an integer p € N*, a sequence (¢x) > 0, &; tends to zero, and an
extracted subsequence of uy’s, again denoted by (uyi), such that uy € V(p, e, w), where w is
zero or a solution of (1.1).

Now, arguing as in [26] (pp.326, 327 and 334), we have the following Morse lemma
which completely gets rid of the v-contributions and shows that it can be neglected with
respect to the concentration phenomenon.

Proposition 2.3 There is a C*-map which to each (a;, a;, hi, 1) such that Z’;zl Olig(ai,ki) +
ao(w + h) belongs to V(p, e, w) associates v =v(«, a, A, h) such that v is unique and satisfies

)2 P
(@) + %W+ h)+v)] = min i +aow+h)+v] L.
(Z ) + o ) ) Ve%){](; (@) o ) )}
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Moreover, there exists a change of variables v —v — V such that
P P
](Z Qid(a; ;) + oW+ h) + v) =]<Z Qid(a; ) + oW+ h) + 17) +| V||2.
i=1 i=1
We notice that in the V variable we define a pseudo-gradient by setting

Vv

v,
as H

where p is a very large constant. Then at s = 1, V(s) = e**V(0) is very small, as we wish.
This shows that in order to define our deformation, we can work as if V was zero. The
deformation extends immediately with the same properties to a neighborhood of zero in
the V variable.

Definition 2.4 A critical point at infinity of / on £ is a limit of a flow line u(s) of the

equation

%_LS{ = —a](M(S)),
1(0) = ug

such that u(s) remains in V(p, &(s), w) for s > so. Here w is either zero or a solution of (1.1)
and &(s) is some positive function tending to zero when s — +00. Using Proposition 2.1,
u(s) can be written as

u(s) = Za ((8)8 (@05 + @0 (8) (W + (s)) + v(s).

Denoting &; := limy_, ;o0 &;(s), ¥; := lim,_, ;o a;(s), we denote by

r
Z& )t @W  or  (F1,...,¥p Woo

such a critical point at infinity. If w #0, it is called of w-type or mixed type.

With such a critical point at infinity, stable and unstable manifolds are associated. These
manifolds can be easily described once a Morse-type reduction is performed; see [26]
(pp.356-357).

2.2 Expansion of the gradient of the functional
In this subsection we recall some useful expansions of the gradient of the functional /.
These expansions are extracted from ([22], Appendix A).

Proposition 2.5 Foranyu=Y », a;8; € V(p, €), we have the following expansions:

96; =2 ey AH(a;)
<V](u))x > Zf(u[ Clg% O +](M)"‘ PR 22 P :|

(iz + Zs,,), (2.3)

LA
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) . |
<W ), 5 2 > 2/(u)[—c1 DR L )}
i j#i ! i
+ O<Z ei,> + o<%), (2.4)

i

where c1, ¢, and c3 are three positive constants.

Proposition 2.6 Foreach u =) ", a;8; € V(p,e), if a; is close to a critical point y of H
satisfying (f)p, then we have the following expansions:

<v](u) i Z)k>=—2/(u)"206 S bk|xf1+ff,§7§))f|ﬁxk
. O(;jel;) . 0(}%) 25)
<V](u) hi 8S'> b / % + Ai(as);] %dx
—2¢1 (u) Za, ax (%ﬁ +Z£i,'), (2.6)
j#i i

where (a;)x is the kth component of a; in some geodesic normal coordinates system. Fur-

thermore, if we assume that ’;|a;| < p is a small positive constant, then

<V](u) A 05 >: —2c1](u)ZaJ 88” Z— + 0< + Zeg) (2.7)

Jj# i J#i

3 Characterization of critical points at infinity

This section is devoted to the characterization of critical points at infinity in V(p,¢), p >
1, under B-flatness condition with # — 2 < 8 < n — 1. This characterization is obtained
through the construction of a suitable pseudo-gradient at infinity, for which the Palais-
Smale condition is satisfied along the decreasing flow lines as long as these flow lines do
not enter the neighborhood of a finite number of critical points y;, i =1,...,p, of H such
that (y1,...,%,) € C;_, U (K* \ K,_2). Recall that the construction was done in V(1,¢).

Theorem 3.1 ([22], Proposition 5.2) There exists a pseudo-gradient W, in V(1,e¢) so that
the following holds. There is a positive constant ¢ > 0 independent u = ab,; € V(1,¢) such
that

Q) (97(w), Wa(w)) < C(%ﬁ | [VH@)| >

A

i o Y 1 [VH@)
(o100 s (W) <o+ )

Furthermore, | VNVz| is bounded and the only case where ). is not bounded is where a € B(y, p),
ye K.

Next, we give the characterization of the critical points at infinity in V(p,¢), p > 2. We
have the following main result.

Page 8 of 25
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Theorem 3.2 Let B := max{B(y)/y € K}. For p > 2, there exists a pseudo-gradient W, in
V(p, &) so that the following holds.
There exists a constant ¢ > 0 independent of u = Zle a;d; € V(p, €) so that

p p
Q) (0760, Wi(w) < (Ziﬁ y e, Zel,),
1 7 =1

hi j#i

o~ v ~ ’ VH
(i <8””””Wl‘”’+m<wl(”))>f‘c<;,» D Zs"")‘

J7i

Furthermore, |W,| is bounded and the only case where the maximum of the A;’s is not
bounded is when a; € B(y;,, p) Vi =1,...,p with (yy,...,y,) €C,_,.

We will prove Theorem 3.2 later. Now we state two results which deal with two specific

cases of Theorem 3.2. Let

p
Vilp,e) = :u = Zai& e V(p,e)s.t.a; € By, p)y, € C\Kyp Vi = 1,...,p},

i=1

p
Va(p,€) = {u = Z%‘Si e V(p,e)st.a; € By, p)y, € Ky Vi= 1,...,p}.

i=1
We then have the following.

Proposition 3.3 ([22], Proposition 5.1) For p > 2, there exists a pseudo-gradient W, in
Vi(p, €) so that the following holds.
There exists ¢ > 0 independent of u = Zle a;8; € Vi(p, €) such that

(010, W) < —c(z T3V >|)

i=1 i i i=1
Furthermore, |W1| is bounded and the maximum of 1;’s decreases along the flow lines of W;.

Proposition 3.4 For p > 2, there exists a pseudo-gradient Wy in V,(p, ¢) such that Vu =
Zle a;8; € Va(p, €), we have

(070, Wa(a0)) < -c<z D S AL >|)

zl‘ i i=1

where c is a positive constant independent of u. Furthermore, we have |W,| is bounded and
the only case where the maximum of A;s is not bounded is when a; € B(yy, p) Vi=1,...,p
with (yy,...,y1,) €C,_,

Before giving the proof of Theorem 3.2 and Proposition 3.4, we state the following no-
tation extracted from [22], Section 4.

Let u = Zil oz,-g(ai,xi) € V(p,¢). For simplicity, if a; is close to a critical point y;, we as-
sume that the critical point is zero, so we confuse a; with (a; — y;,). Now, let i € {1,...,p}

Page 9 of 25
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and let M; be a positive large constant. We say that
iely ifhla;l <My,
and we say that
iely, if\ja;|>M.
For each i € {1,...,p}, we define the following vector fields:
33;

Zi(u) = O‘i)\ia_)\li (3.1)

and

Aia)i?
/ lb (ka+ (@] g (3.2)
Rn

19
— k
kZ:)» aik L+ Al (@)e)P~1 (1 + |x[2)"
where (a;) is the kth component of g; in some geodesic normal coordinates system.
We claim that X; is bounded. Indeed, the claim is trivial if i € L;. If i € L,, by elementary

computation, we have the following estimate:

B

|k + Ai(@)ilPxx ;3/ Xk X
R 2T T dx = (M (@ 1
/R Ty = Galedd)” | e e, 2y
= c(signe Ai(ae) (i] (@) |)” (1 + 0(1)) (3.3)
for any k, 1 < k < n -1 such that A;[(a;)«| > \/— our claim is valid.
Let k; be an index such that
’ a)i | = max‘ ’ (3.4)

1<j<n

It easy to see that if i € L, then A;|(a:)x,| > \/A%

Proof of Theorem 3.2 Thanks to Propositions 3.3 and 3.4 and in order to complete the
construction of the pseudo-gradient Wi suggested in Theorem 3.2, it only remains to focus
attention on the two following sets of V(p, ¢).

Subset 1: We consider here the case of u = Y7 | ;8; = Dien @b+ > ich ;6; such that

L #9, L #a, Zaigi € Vi(th,e) and Zaigi € Vo(ih, ).

iel ielp

Without loss of generality, we can assume that A; <-.- <A, Let
I={1JU{i,1<i<p, st.r; <M},

where M is a positive constant large enough. Now, let I’ = ; NI, we distinguish three cases.

Page 10 of 25
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Case 1. I’ = @. Then I C I, so we derive

U=1u, +uy whereuy; = E o;8; and uy = E o;6;.
iel i¢l

Observe that u; € V5(#],¢), we can apply then the vector field W, defined in Proposi-
tion 3.4 in this set. We obtain

(al(u), Wz(u)) < —c(Z % + Z gy + Z %(d‘)» + O( Z 8,7). (3.5)

iel i iZjiijel iel iclj¢l

For the indices i such that i ¢ I, we apply the vector field ) _,,; —2iZ;(u).
Observe that in Vi(p, &) U Va(p, €) and under assumption (f) s, we have

n-1
AH(x) =Y biB(B - Dl
k=1
Then
n-1
|AH(@)| < ¢ |@]”™ < ctn-Dl@ |
k=1

where k; is defined in (3.4). Hence, we derive that

|AH(a)] _ O(I(ai)kilﬂ‘z)' (3.6)

A2 AZ

L

Using Proposition 2.6 and (3.6), we obtain

<af(u>,Z—2"Zi(u)> <e ). 2“1‘% * O( 2 %)

i¢l il i¢licly i

+o( > %ﬂ) (3.7)

i¢licly
where k; is defined in (3.4). An easy calculation yields

d¢g;;
A 8):] <-—cgy ifA;>AjorA;~A;or|a;—aj| =8 >0. (3.8)

L

In addition, it is easy to see that for i € L,, we have

Y, |82 Ve |[A1
|(al))g| - 0( l(al);:l ) taking M; large enough. 3.9)

Observe now that for i < j, we have

. 0gj
+ 20— < —cey. (3.10)
on o

Zi)\,i 88[}'
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These estimates with (3.10) yield

<8](u),z A u)> <> el,+O( > %ﬂ)

i¢l i#j,i¢l i¢licly
(@), 1P~
0 — ). 3.11
(, Z Ai (31)
i¢licly

From another part, by Proposition 2.6, we find that

(o700, 3 x0)

i¢licL,
<Y 1(/ |k, + Aila )I XK, dx)2
p 2yn
i¢lieLy A R#-1 (1+)\. |(a; )k |) F(1+ [y
+ O( Z 8,']‘>.
i#jielicly

Identity (3.3) implies

ATE
<a/(u), Z Xi(u)>§—C Z l(“’)%lwuo( Z e,,). (3.12)

i¢licLy i¢licly : i#jielicly

Observe that since a; € B(y;,, o) and H satisfies (), we have |[VH(a;)| ~ |(a,-)ki|’3‘1. Thus,

. A ﬁ_
<8](u), > Xi(u)>§—c( 3 %@)H 3 %)

i¢l,icLy i¢l,icLy : i¢l,icLy !

+o< > s,,). (3.13)

ij,i¢licLy

Let W3 = Y0y =2'Zi+ m1 ) 41 i1, Xi» where i is a positive constant small enough. From
(3.11) and (3.13), we find that

o, wi) < o 3 ey 3 )

ij,i¢l i¢liely ‘
0] 1 3.14
+o{ 2. 7 ) (314)
i¢liely i

Observe that Vi ¢ I

1 1 ~
)»_’.8 = 0(@) for M large enough.

i

Let, in this case, W3 be the following vector field.

Wg = W; + Wlle.
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From (3.5) and (3.14), we obtain

p P ‘
(070, Wia0) = —c(z Ly ey lwy)

i=1 i i i=1

since for i ¢ I and i € L;, we have M O(%ﬂ) = o(x,,lz)

Case 2.1 =1"=({1}, a; is then close to y;, € K \ KC,i—2, we define

(Z bk) (ala])Z1, (3.15)

where ¥ is a cutoff function defined by ¥ (¢) =1 if |¢| <& and ¥ (£) =0 if |[¢] > 25 (§ is a

positive constant small enough). Using Proposition 2.6, we have

%k, + Ai(ar)x | X 2
)"

~ (4
(), Z X, _——( b
(8/(a), Z1(10) + Xa(o0)) < Y /nwl k(1+)»|(ﬂ1)k|)2 (Lt Ial?

¥ (Mla| (Zbk> — (Z£1j>. (3.16)

M j#1
We need to prove the following claim:
~ 1 VH
(67(u), Z1 (1) + Xa () < _C(x_ﬂ N Uﬂ) + O(Z 81,), (317)
1 ! j#

Observe that if i € L, then using (3.3) we can make appear Af and 'w{—”l in the upper
bound of (3.16) and our claim follows in this case.

Now, if A1|a;]| < 8, then we have ¥ (A1(a1)) = 1 and % ~
(o} %. Thus (3.17) holds in this case. Finally, if A;|a;| is bounded below and above, in this

(@) P71, .
% is small with respect

case, using elementary calculation, we have

2
(/ b, [k, + Ai(an)x, | Xk; . x) >¢>0. (3.18)
R (L agl(a)g ) T (L )

We then obtain (3.17) and hence our claim is valid. This with (3.6), (3.10) and Proposi-
tion 2.6 yields

<8/ (W), Y =2'Zi(u) + my (Za(u) + Xl(u))>

i>2

< C(ZEU iﬂ |VH(611)|> O( Z |(ﬂi)}i<;|ﬁ2>
A

i M i>2,ieLy i

+o( > /\iﬁ) (3.19)

i>2,iel;


http://www.journalofinequalitiesandapplications.com/content/2013/1/405

Al-Ghamdi et al. Journal of Inequalities and Applications 2013, 2013:405
http://www.journalofinequalitiesandapplications.com/content/2013/1/405

for m; a small positive constant. Observe that Vi > 2, we have i ¢ [, so it is easy to see that
1

T = = o(ey;). Taking M large enough, we derive that

— =o(ery) Vi>2. (3.20)

Let, in this case,

Wg = Z—Z‘Z,- + Wl1<21 + X1+ Z Xl>

i>2 i>2,i€Ly

Using Proposition 2.6 and estimates (3.3), (3.9), (3.19) and (3.20), we find that

p
(a](u)x W3 (I/t)) =-C (Z Z H(a,)| Z 81])
i=1 z’ i=1 Ai

i#

Case 3. I' # @ and I > 2. Applying the above estimates, we get

<a/(u),2—z,»>§— > si,+o( > s,»,)

iel’ ij,iel jel iel jel
(a)i, P2 1
o X .o » L),
icl'icLy ! icl'iely ™i
<8](u)1 Z _Zi>§_c Z 8ij+o< Z Si]’)
e\’ ijiel\I' jel e\l jel
1 |(ﬂi)ki|ﬂ_2
+o< > —ﬂ>+o( > —r )
e\l iely i iel\I'ieLy i
i |(dl’)k,'|'372
(o 22z 3 o T B
i¢l i¢lj#i i¢licly t
1
+o( 3 A_ﬂ).
i¢licl; i

Observe that if i ¢ I, we have }\Lﬂ =o(ey), if i € I', we have )\Lﬂ = o(gj), here j #i € I, and if

iel\ I, wehave )\%2 = O(ey), where j # i € I. Thus, let in this case

P
W3 = Z(_Zi) - ZTZ;' +1m ( Z (-Z) + Z Xz’)~

iel’ iel e\’ i=l,icLy
We then have
’ 4 p H(ay)|
) = (30« VL 5 )
i1 A i=1 Ai i#

Subset 2: We consider the case of u = Zle o;d; € V(p, ) such that there exist a; satisfying
a; ¢ Uye,C B(y, p). We order the A;’s in an increasing order, without loss of generality, we
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suppose that A; <--- <,. Let i; be such that for any i < i;, we have a; € B(y;,, p), y;, € K
and a;, ¢ UJ,E,C B(y, p). Let us define

uy = Zai&.

i<iy

Observe that u; has to satisfy one of the three cases above, that is, u € Vi(i; — 1,¢) or
uy € Va(ip —1,¢) or u satisfies the condition of Subset 1. Thus we can apply the associated
vector field, which we denote by Y, and we then have the following estimate:

(7)Y (0) _C(Z Py el > s,»,)+o(2 )

i<i] i<iy i#,ij<ih i<iyj>i

Now, we define the following vector field:

Y' =

1 8,0 VK(a Y2z
)\,,’1 861,’1 |VH

i>i

Using Proposition 2.6 and the fact that [VH(a;,)| > ¢ > 0, we derive

(0 (u), Y’ (u ))<—%+O(Z€i/>—c/ > 8!‘1‘”(2%)'

" i iziji =

Taking ¢’ positive large enough, we find

(57, <C(Z ZIVH(a)I Z%)

i=iy i i=iy >0y j#i

Now, let Wy := Y’ + m Y, where m1; is a small positive constant, we then have

N1 & |IVH(@)
(07 a), Watw)) = —e( 35+ Py ).
i=1 l i=1

Ai i

Now, we define the pseudo-gradient W as a convex combination of W; fori=1,...,4. The
construction of W; is completed, it satisfies claim (i) of Theorem 3.2.
From the construction, VNVl is bounded. Observe also that the only case where the maxi-
mum of the ;s increases is when a; € B(y;,, p), yi, € K Vi= pwith (v, ..., 9,) € Cr sy
Now, arguing as in Appendix 2 of [26] (see also Appendlx B of [6]), claim (ii) follows
from (i) and the estimate of v given is ([22], Proposition 3.2). The proof of Theorem 3.2 is
thereby completed. O

Proof of Proposition 3.4 We divide the set V;(p, ¢) into five sets.

n-1
Vy(p.e) = (u Za&z,x € Valp,&),yi #5 Vi j,— Y bily) > 0,
i=1 k=1

Aila; =y <8Vi:1,...,pandp(yli,...,ylp)>O ,

Page 15 of 25
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p n-1
V2(p,e) = {u =Y ibap, € Valp,e)y, £y Yi#j— Y b(y) >0,
i=1 k=1

Aila;—y;| <8Vi=1,...,pand p(yll.,...,ylp) < 0},
p ~
V;(p: 8) = {I/l = Zaisuiki € VZ(PyE),J/li 7'/_)’11 Vi #j:)\ilai —)’li| <9
i=1

n-1
Vi=1,...,p, and there exists j (at least) such that — Z bk(yz,-) < 0},
k=1

p
V;(p,s) = {u = Z“igaw\t e Vao(p, &),y #yll. Vi #j, and there exists j (at least)

i=1
1)
such that A;|a; -yl = 2

p
st(p, g) = [u = Z“igam € Va(p, ¢), such that there exists i # satisfying

i=1
Yy :ylj}'

We break up the proof into Steps 1-5 below. We construct an appropriate pseudo-gradient
in each region and then glue up through convex combinations.

Step 1: First, we consider the case of u = Zle Oligaixi IS Vzl(p,e). We have, for any i #J,
|a; — aj| > p, and therefore

2 =
& = ((1 —Cos d(ai,aj))ki)»,»> (1 " 0(1))

_ o' M (1+0(1)),
(Aix) T

where G(a;, ;) = — L itis Green’s function of (S”,P). Thus,
(l—cosd(ai,aj))T

L85 n=2 s Gla;, a))
K 2 (hit)"T

(1+0(1)).

4 .
Using Proposition 2.6 with 8 = n — 2 and the fact that /" H(a,')](u)ﬁ =1+ o(1)), we
derive that

. 3_5, _ 1_n1 }’1—2,, Zf:lbk 1
<3](Lt)r 051)\‘[ > - (l’l - 2)](”) 2 |:Vl -1 a H(ﬂl)% )\‘;'1—2

aA;
n G i) 1
+ 01274 Z (yl yl] n-2 rz—2:|
iz (H(a)H(a) 5 (Ady) 2

SN |
+0<ZW +ZSZ']‘>,

i=1 i i

Page 16 of 25
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2(n 1

2
where ¢; = ¢,” f]R” 1 l‘ji)“;n r dx. Hence, using the fact that |a; — y;,| < 8, § very small, we

get

p p
<8](u),2aiZ,'> < - tAM(yll,...,ylp)A + 0(2 5 + 28”)

i=1 i=1 A i

)4
1
< —Cﬂ()/llwn,ylp)|1\|2 +O<ZW + Zelj)»

i=1 i i

where A = {(—L =T %). Here M(yll,...,ylp) is defined in (1.1) and ,o(yll,.,,,ylp) is the
A2 A
least eigenvalue of M(yll, -»J,)- Using the fact that Vi #j, we have ¢; < —=. Since

la; — aj| > 8, we then obtain

<8](u), iX::a,»Z,.> <-c (Z + Zs,,)

i=1 i i

- , ; AL .
In addition, Vi = 1,...,p, we have A;|a;| < § = —‘W'i(,“’)‘ ~ —l(‘”)fl < —;ﬁ. Thus, we derive,
1 1 A
i

for Wzl = Zle Oll‘Zl‘,

p p
10, (Z o o) z)

i

Step 2: Secondly, we study the case of u = Y | aigal.;\i € Vi(p,e). Let e = (¢;);1,..p be an
eigenvector associated to p(yy, ..., y,) such that e| =1 with e; >0 Vi=1,...,p. Let y >0
be such that for any x € B(e,y) = {y € S’ ! s.t. |y —e| < y}, we have

XMy ..o y,)% p()/h, V)

Two cases may occur.
Case 1 P € B(e,y),where A =*(—,..., = ). Inthis case, we define W2 = - Zil o Z;.

Tz N
A Ap

Asin Step 1, we find that

p
(87 (w), Wg(u))g—c<zil3 Z [VH (@) Zei,).
i=1 i i=1 Ai

i%

Case 2: ‘2—‘ ¢ Bl(e, y). In this case, we define

g [ 1Ale = A AdiAle—A,A) 384,
Al AP i

Using Proposition 2.6, we find that

p
(87 (), W2(w)) = —c| A2 ( ADMAQ®), | (Z MI_Z) + O(Z s,,»),
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where M = M(yy, ...,y,,) and A(¢) = %A Observe that
AOMA() = p + &(U\MA —plAY).
[(1-£)A +t|Ale]

Thus we obtam tA(t)M A(t)) < —¢, and therefore we get

i%

Step 3: Now, we deal with the case of u =Y %, a,»gai;\i e Vipe).
Without loss of generality, we can assume that 1,...,q are the indices which satisfy
" lb(y,) <O Vi=1,...,q. Let

q
\7721 = Z —Oél'Zl'.
i=1
By Proposition 2.6 and (3.8), we obtain
(0] (w), 1%, () < —c(Z — + Z s,])

i i#1<i<q

Set

1
I=1i1<i<pst ) <— minl;.
10 15j<q

It is easy to see that we can add to the above estimates all indices i such that i ¢ I. Thus

(7). W, —c(Z + 2 811)

i¢l i i#j,i¢l

If I # @, in this case, we write u as follows:

u= E Oll'(sai)\[-l- E aiéﬂi,\i:u1+u2.

iel i¢l

Observe that u; has to satisfy one of the two cases above, that is, u; € Vzl(jjl,s) or u; €
VZ(t1,¢). Thus we can apply the associated vector field, which we denote by \7722 We then
have

(700), W2 0)) < c(z_+zg,, Z'VH ) (g)

iel i i#jiel i=1

Let, in this subset W3 = VNVZI + \7722, m; be a small positive constant. We get

p p
(87 ), W3 () < (Z l,s > VHSM Z%‘)-
i=1 z i=1

%
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Step 4: We consider here the case of u = Y7 0;8,., € Vi (p, ¢).
We order the A;’s in an increasing order. For the sake of simplicity, we can assume that
A < --- < Ap. Let &y = inf{A; s.t. Ajla;| > 8}. For m; > 0 small enough, we need to prove

the following claim:

(87(w), O, —miZy))(w)) < -C<Z + > e Z qu(a,l)l)

i=i i Jj#i i=1 a

38,‘/'
aai)k

Indeed, for i # j, we have |a; — a;| > p. Thus in Proposition 2.6 the term |% | is very

small with respect to ¢;. Hence,

Cc |xk,' + )"l' (ﬂi )k,‘ |ﬂ xk,’ 2
(07, Xy () < —— ( / Tt i dx)
)\il R (1 + )\'il |(ai1 )kil |) 2 +x

(5) ()

i j#i

If iy € L; in this case § < A |a;, | < M;, using (3.18), we get

<8](u),X,'1(u)> < —c)\il3 + o(Z 8,»1j>

i j#i

_CZ vo(Lew). (321)

i=i] i Jj#i1

From another part, we have by Proposition 2.6 and (3.6)

(87 (w), J<—c) e+ o( ) (3.22)

j#i i

Using (3.21) and (3.22), our claim follows in this case.
If iy € L, using (3.3), we find

Y, (B
(al(u),Xi1 (u)) < —c(}% + %) + O(Z 8i1j>

i1 1 j#i
p
1 |(al1)k |
—C( /3 . + 0 Z 8i1}' N
i M Pi jin

and by Proposition 2.6 and (3.6), we have

|( il)q |’372
(0/(w),-Z; (w)) < —CZ%’ + O(%)

Jj#i1
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Now, using (3.9), we obtain

B-
(af(u),(xil—mlzil)(u)>§_c(z ey )

i=iy i J#i hi

p
S—C<Z +Z Eij t |V];[\(all)|>,

i=iy i Jj#i 1

since [VH(a; )| ~ |(a;)i;|1P~, hence our claim is valid.
Now, let

1
I= {z,1<z<pst A <10 11}’

it is easy to see that

(87(u), (Xiy — 1 Z4) () < —C(Z iﬂ b3 ey Wﬁﬂ)

iel i jii¢l a

—. Furthermore, using (3.3), we have
(i) 2

<8](u)< W—mZy+ Y >(u)>< C<Z Z'VH + Ze,,)

i¢licly i¢l i i¢l i#j,i¢l

since ¢;; <

\VH( i)l

A

We need to add the remaining terms (if I # @). Let ug = ) _,; Oliga,-;\i Vi € I, we have
Ailai| < 8, thus uy € V)(#1,¢),j =1 or 2 or 3. We can apply then the associated vector field,
which we denote by Wi We then have

(o), ) _C(Z_+Z Z'V””)') o(zgl,.).

iel i i#j,ijel iel ielj¢l

since, for i ¢ I and i € L;, we have < ,\Lﬁ

Let Wy = Xy —miZiy + Y41 ep, Xi + 12 W, m, is positive small enough, we get

p p
(07 (), Wy () < —c <Z Lﬁ Z Z 8u>
z i=1

i=1 Ai i

Step 5: We study now the case of u = Zle Oliga,-xl- € V25 (p,€).
Let

= {j,l <j<psta; eB(ylk,,o)}.

In this case, there is at least one By which contains at least two indices. Without loss of gen-
erality, we can assume that 1,..., g are the indices such that the set By, 1 < k < ¢, contains
at least two indices. We decrease the A;’s for i € By with different speed. For this purpose,
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let
x:R—R",
0 ifle <y
1 if|¢]>1,

where y’ is a small constant.
) — Py
Forj € By, set (%) = Zi#ieBk X(k_}i)' Define

q
=2 ax()Z;

k=1 jeBy

Using Proposition 2.6 and (3.6), we obtain

o) 23] T oGt 3 gwo(5s)

k=1 “izj,jeBy Jj€BkyjEL /
a
+ Z _()\ )O(|( })k| >:|
JjeBj,jely

For j € By, with k < g, if ¥ (%;) # 0, then there exists i € By such that %ﬁ = o(g;) (for p small
]
enough). Furthermore, for j € By, if i ¢ By (or i € By with A; ~ 1;), then we have by (3.8)
88[1‘

&
A— <-cg; and X < —cej.
A P

In the case where i € By with (assuming A; < 1;), we have x(};) — x(A;) > 1. Thus

38,] <, dejj -
"oa; ~ Ton —

(A )A] + X (A)A; —cgyj.

Thus we obtain

(07 (u), W3 () < cZZx(x)<ZeU )

k=1 jeBy i

3, [B-
+Z > % A)O(%). (3.23)

k=1 jeBy,jeLy

We need to add the indices j, j € C(U}ﬂ:l By) U {jeBis.t. x() =0). Let
)»,'0 = inf{)»,-, i= 1, e ,p}

We distinguish two cases.
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Case 1: There exists j such that x(A;) #0 and A, ~A; (y' < %J < 1), then we can make

appear —— in the above estimate, and therefore — Y7 | xiﬂ and -}, , &k Thus we obtain
10 i

(aﬂu),ﬁyg(u))f_c(Z +Zel,)+o<z ) “f’k' )

i=1 i i k=1 jeBy,jely /

Now, let

)4
W25 = ‘A)'V25 + m ZXl

i=1

Using the above estimates with Proposition 2.6 and (3.9), we obtain

(0] (w), Wg(u))g_c(z £ ey Z IVH(a)|>

i=1 i i i=1

Case 2: For each j € By, 1 < k < g, we have

A
Aig K Aj (i.e,, % < y/) orif A; ~2x;, wehavex(})=
/i

In this case, we define

o s Q) o

It is easy to see that iy € D and if i #j € {i,x(A;) =0} U C(Uk 1 Bx), we have a; € By, p)
and a; € B(y;, p) with y;, # y;,. Let

u = E aiaaiky

ieD

u; has to satisfy one of the four subsets above, that is, u; € Vé(ﬂ], g)forj=1,2,3 or 4. Thus

we can apply the associated vector field, which we denote by Y, and we have the estimate

(al(u),Y(u))S—c(Z/\iﬁ+Zmiﬂ+ 3 elj>+o( 3 8,.].).

ieD i ieD L i#j,ijeD ieD,j¢D

Observe that in the above majorization we have the term —7, thus we can make appear
10
-3 ,5 Now, concerning the term — 3, . 5, if i€ Dand j € ¢D, observe that

Ao 1 !
‘p= {i,r > 7} U |:{i,7(ki) #0}n (UBkﬂ.
0 k=1
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We have two situations: either j € [{i,x(X;) # 0} N (Uzlek)], then we have —¢;; in the
estimates (3.23), or j € {i, AA—‘ > %}. We can prove in these cases that |a; — a;| > p. Thus
10
c cy/an2
< <
= n2 n2
Ad) T (Aphi) 2

& =0(g;;) (for y" small enough).

Thus we derive

4 »
(87 (w), (W5 +mY)(w) < —c (Z W]—iﬂ + Z Aiﬂ + s,-j>

ieD

q 3, 182
+Z Z 7(A1)0<‘|(ﬂ1))\k1;| ‘>,

K=1 jeByjely

and hence, by (3.9), we have

4 14
<8/(u),(ﬁ725+m1Y+m2 Z Xi>(u)>§_c<z)\’iﬂ+zgij+z |V]_:;(ﬂz)|>

i=l,icLy =1 Mo i i=1
for m; and m; two small positive constants. In this case, we define

W25 = W25+VI’11Y+W12 Z XL'.

i=lieLy

The vector field W5 in V;(p, €) is a convex combination of Wé, j=1,...,5. This concludes
the proof of Proposition 3.4. d

Corollary 3.5 Let H be a C*-function on dB" satisfying (f)p condition withn -2 < B <
n —1. The only critical points at infinity of ] in V(p,€), p > 1 are

p
Zaié(yi,oo), where (y1,...,9,) € Ch_, U (IC+ \IC,,_Q).
i=1

The Morse index of such a critical point at infinity is

p
i1 yp) =p -1+ Y _(n=1)—i(y).

j-1

4 Proof of the result
Proof of Theorem 1.1 We prove the existence result by contradiction. Therefore, we as-

sume that equation (1.1) has no solution. It follows from Corollary 3.5 that the critical
points at infinity of the associated variational problem are in one-to-one correspondence
with the elements of C;;_, U (K* \ KC,,_2).

Notice that, just like for usual critical points, it is associated to each critical point at
infinity wo, of J stable and unstable manifolds W°(ws,) and W °(wx) (see [26], pp.356-
357). These manifolds can be easily described once a finite dimensional reduction, like the
one we performed in Section 3, is established.
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2
For any weo = (5 -+, ¥i,) € Gy, let c(W)oo = SV,(Zﬁil L)% denote the associated
Koi) 2
7
critical value. Here we choose to consider a simplified situation, where for any wo, # w,,
c(W)oo # c(W)so, and thus order the c(w)’s, Woo € C;i_, as

c(W1)oo < -+ < (Wi )oo

By using a deformation lemma (see Proposition 7.24 and Theorem 8.2 of [28]), we know
that if c(Wi_1)oo < @ < c(Wi)oo < b < c(Wi41) oo, then

To = Ja U W2 (Wi)oos (4.1)

where J, = {u € *,J(u) < b} and ~ denotes retracts by deformation.
We apply the Euler-Poincaré characteristic to both sides of (4.1), and we find that

xUp) = xUa) + (=1)100, (4.2)
where i(wy)s denotes the index of the critical point at infinity (wx).. Let

by < c(W)oo = ;relg}](u) <by < c(Wa)oo < -+ < by < Wiy )oo < Diys1-

Since we have assumed that (1.1) has no solution, ]bk0+l is a retard by deformation of X*.
Therefore X(]bk0+1) =1 since X* is a contractible set. Now, using (4.2), we derive, after
recalling that x (/;,) = x (@) =

ko

1= Z(—l)"w/‘)w. (4.3)

j=1

Hence, if (4.3) is violated, (1.1) has a solution.

To prove the multiplicity part of the statement, we observe that it follows from the Sard-
Smale theorem that for generic H’s, the solutions of (1.1) are all non-degenerate in the
sense that the associated linearized operator does not admit zero as an eigenvalue. We
need to introduce the following lemma extracted from [9].

Lemma 4.1 (see [22], Section 3. 2) Let w be a solution of (1.1). Assume that the function
H satisfies condition (§)g, with 5% < B < n— 2. Then, for each p € N*, there is no critical
points neither critical points at mﬁmty in V(p,e,w).

Once the existence of mixed critical points at infinity is ruled out, it follows from the
above arguments that

ko
S JwermweU [ Waw).
j=1 w,dJ(w)=0

Now using the Euler-Poincaré theorem, we derive that

Z l)l Wj)oo " Z l)morse(w

Jj=1 w,0](w)=0

Hence our theorem follows. O
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